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A stochastic optimum-based compensator is developed to enhance structural damping with collocated rate
sensors/actuators. This controller is based on explicit solutions for the Riccati equations from a modal-space model.
The performance of each controlled mode can be easily adjusted by the corresponding design parameters in the
controller. NASA's Spacecraft Control Laboratory Experiment facility is used to demonstrate the effectiveness
of this control design. A distributed-parameter model is first obtained by using Holzer's transfer matrix method
and the corresponding modal parameters are identified. Then the distributed-parameter model is reduced to a
finite-dimensional modal-space model for the controller design. Three torque actuators and three collocated rate
sensors are used to suppress the vibration of the first five modes. Analytical and experimental results show that
the proposed controller is effective in damping enhancements for large flexible structures.

Introduction

C ERTAIN future missions in space require levels of structural
stability that can be obtained only through active control. Con-

trol system design for large flexible structures is a challenging prob-
lem because of their special dynamic characteristics, which include
a large number of significant elastic modes with very small inher-
ent damping and inaccuracies in the knowledge of the modal pa-
rameters. There are two major approaches to controller design: 1)
model-based controllers that employ a state estimator based on the
knowledge of the plant such as the linear quadratic Gaussian (LQG)
method1 and pole assignment and 2) model-independent controllers
that are viewed as a virtual passive damping system.2'3 In the LQG
approach, a large-dimensional Riccati equation needs to be numer-
ically solved for large flexible structures. Recently, an explicit solu-
tion to the LQG problem for flexible structures with collocated rate
sensors has been found.4 However, because the design parameters
are few, the performance of the controller may be degraded if the
desired controlled modes are increased. On the other hand, it is often
too difficult to adjust a variety of design parameters so that they sat-
isfy a specific performance requirement for the model-independent
controllers. In this paper, the LQG problem is formulated by using
a modal coordinate instead of a physical coordinate. Explicit so-
lutions of the corresponding Riccati equations are then derived so
that numerical calculations for solving these equations are no longer
required. In addition, the number of design parameters in the opti-
mal controller or the optimal estimator is the same as the number
of the controlled modes. Each controller design parameter weighs
the contribution of actuators to the performance of a specific mode.
Similarly, each estimator design parameter weighs the contribution
of the sensors to the estimate of a specific modal state. The closed-
loop dampings are also attainable from these design parameters.
Therefore, it is easier to determine the design parameters, and thus
to achieve a good performance, using this proposed explicit LQG
controller design.
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In system modeling, a satisfactory finite element model for a
flexible structure may require a large number of degrees of freedom
(>50), so that more effort is needed in solving eigenvalue problems
and model reduction for further controller design. Compared with
the finite element model, the distributed-parameter model offers
the advantage of a comprehensive dynamics description of flexible
structures with a minimal number of modal parameters. Thus, it
is easier to identify the modal parameters by using the distributed-
parameter model than by using the finite element model.5'6 The main
advantage of the finite element method over distributed-parameter
modeling is the ease with which computer models can be gener-
ated for various structural geometry. Recently, a computer code7

has been developing to derive distributed-parameter models for rel-
atively complex geometry structures by using Holzer's transfer ma-
trix method.8"10 Any large flexible structures can be broken down
into substructures with simple elastic and dynamic properties. For
each single element, such as a beam, a tether, or a rigid body, one can
derive the corresponding transfer matrix. The transfer matrix repre-
sents the relationship between two ends of each element by taking a
Laplace transformation for each dynamic equation and solving each
differential equation with respect to spatial coordinate. Combining
these element matrices enables the solution of the global system
equations.

To illustrate the controller design, NASA's Spacecraft Control
Laboratory Experiment (SCOLE) configuration (see Fig. 1) is pro-
vided. The SCOLE facility consists of a heavy "Space Shuttle"
body to which is attached a reflector by a flexible mast. For the
tests of this paper, the Space Shuttle body is fixed. Three reaction
wheels and one three-axis rate gyroscope are used as torque actu-
ators and rate sensors. They are mounted on the attached point of
the mast and the reflector. From open-loop testing, it is known that
the sixth modal excitation will free decay 95% in about 2 s with
more than 10 Hz frequency. Therefore, only the first five modes
are chosen as the controlled modes. The design challenge arises not
only because of its very low damping and plant uncertainties, but
also because of the fact that there are only a few actuators avail-
able (three actuators are used to control five modes). In this pa-
per, a distributed-parameter model for the SCOLE configuration is
first derived by using the transfer matrix method. The distributed-
parameter model is then reduced to a finite-dimensional model in
modal space and the proposed explicit LQG controller is introduced.
Finally, both analytical and experimental results demonstrate that
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Fig. 1 NASA's SCOLE configuration.

the vibrations can be effectively suppressed by the explicit LQG
controller.

Distributed-Parameter Modeling
In this section, the distributed-parameter model of NASA's

SCOLE configuration is first derived by using Holzer's transfer ma-
trix method. Then the distributed-parameter model is reduced to
a finite-dimensional linear time-invariant model for further control
design. A simplified version of the SCOLE model (see Fig. 1) is used
to represent a flexible mast clamped at one end (the shuttle end) and
an offset reflector attached to the other end of the mast. Thus the
mast is modeled by an equivalent uniform Bernoulli beam of length
L along the z axis extending from zero, the clamped end, to L, the
reflector end. The reflector is treated as a rigid body with small mo-
tions. Considering a rigid body subjected to two forces — ft and fi+\
at its center of mass, the side force of gravity fg, and two torques
—TI and T/+I, the force and the torque balance equations yield

tWi = fi+i - ft + fg a)
(2)

where ra is the rigid-body mass, w the linear displacement vector,
J the moment of inertia matrix of the rigid body, and 9 the angular
displacement vector. The subscript represents the acting point. Be-
cause both z'th and (z H- l)th points are located at the center of mass
of the rigid body, we have

wi+l = Wi (3)

Oi+i = Oi (4)

For small motions, the side force of gravity is

(5)

where

0 rag 0"
-rag 0 0

0 0 0

After taking a Laplace transformation for the above equations, one
can derive

(6)

where

is the displacement vector,
={:}
-Kl

the generalized force vector,

l 0 |~0 Gl

» »]
and / an identity matrix. This equation represents the rigid-body
dynamics subjected to two force systems located at the center of the
mass and the side force of gravity.

Let r, denote the distance vector (rx, ryj rz}T from the /th point
to the (i + l)th point. Then we can relate the displacement vectors
between the zth and the (i + l)th points on the same rigid body for
small motion by

+ Oi x r\ = Wi —

Oi+\ = Oi

(7)

(8)

where

0 -rz

0 -rx

rx 0

Besides, we can transform the force system from the ith point to the
(i + l)th point to get

f _ f/i + l — /i

r/+1 = r/ — r/ x /• = r/ — .

Combining Eqs. (7-10), one has

JC 1

? L,"
where

(9)

(10)

(H)

As one transforms the force system from the z'th point to the (z* + l)th
point, Eq. (11) relates the generalized force vector q as well as the
displacement vector jc at these two points.

The beam dynamics includes the motion in elongation, torsion,
and bending. First, we consider the elongational motion of a beam
z with length L, cross-sectional area A, Young's modulus E, and
mass density p. The equation of motion is

F.A.IH" — n -4 . c 2 i / ) n?^£,,/ljW — Pi^i^ W \L£)

where s denotes the time derivative and w is the displacement of the
beam in elongation, and the solution is

w = a/sinafz + (13)

where a? = j ^ / ( p i / E i ) s . At one end of the beam (z = 0), the
displacement u>(0) and the normal force /(O) can be expressed
as

Wi = io(0) = b[

f, = /(O) = -£,-A,V(0) = -EtAtaja,
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or

a
b I

1
EAoie

0

where 4 is the moment of inertia of the cross-sectional area and w
is the deflection due to bending. Similarly, one can derive

fit
(14)

Similarly, at the other end of the beam (z = L), the corresponding
quantities are

Wi+i = w(L{) = ajSinafL; -f-fe/cosafL,-

fi+i = f ( L i ) = EiAiw'(Li) = EiA/aJ^fl/cosafL/ — Z?/sino^L/j

1+1

(20)

where 9, /, and t are the slope (i.e., w'), shear force, and bending
moment, respectively, and the transfer matrix for the bending motion
is

r

i
[*•«! = 2

cn + en

—Pisn + j82s/z

— (h\sn + n2sn)

&3Cn — /Z4C/Z

'-

sn sn
ft" + ft

cn + ch

-£cn - -j-ch
Pi Pi
hi h4— sn — — sha o
Pi P2

sn sh
~~h[ + ~h~2
Pi ft— — cn + — cn
h\ h2

— (cn + cn)

h h
— — sn — — sh

hi h2

cn ch

— sn + — sh
hi h4
hi h2— sn — — sh
hi h4

—(cn + cn)

-bu bn ba bl4~
b2\ b22 b2i b24
bn bi2 bn bi4

_b4\ b^2 b4i 044 _

- i

or where

{ w ) _ T sinof^L cosaeL 1 f « )
f J /+1 \_EAaecosaeL — EAaesmaeL J. [ b j .

-pis2 + s^(p!s)2-4pAEI
2EI

From Eqs. (14) and (15), we obtain
32 =

pis2 + s^/(p!s)2-4pAEI

(16)
2EI

where the transfer matrix [FE]/ for the motion in elongation
is h2 = k^l - k2/32s2

[FE]t = cosoteL sin a
~ EAa

— EAaesinaeL —cosaeL

Next, let us consider the motion of the beam in torsion. The
equation of motion is

iJuO" = piJbis29 (17)

where //, is the moment of inertia of the cross-sectional area, G
the shear modulus, and 9 the angular displacement due to torsion.
Similarly, one can derive

sh = sinhjS2L, ch = cosh/?2L

It is noted that the deflection and shear force have the same sign
definition of the direction but the slope and bending moment have
the opposite sign definition of the direction. If the sign definition
of the direction for any variable is changed, we need to modify the
transfer matrix. For example, changing the sign definition of the
direction for 6, we have

= [FT]i (18)

where r is the applied torque and the transfer matrix for the motion
in torsion is

f

1+1

b\\

[FT], =
sina^L 1 rcosa^L ————— t
GJct*

GJa'smrfL —cosa^LJ . \-*

or
t\2

withe*,' = j
Finally, let us consider the bending motion of the beam. The

equation of motion is

w
—b24 (21)

ihiw"" - Pilhis2w" H- pi = 0 (19)
From Eqs. (16), (18), (20), and (21), one can obtain the relationship
between two ends of an Euler beam:
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fz
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rz .

'

i+l

bn 0 0 0 -bu 0 bn 0 0 0 bu 0
0 bn 0 bn 0 0 0 bi3 0 -bu 0 0
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0 0 0 0 0 fci 0 0 0 0 0 r22 <
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Ify
wz

ox
Oy

oz
f*
fy
fz
rx

Ty

*z . '•

or in short

(22)

Now, as shown in Fig. 1, we define the shuttle end of the mast
as point 1, the reflector end of the mast as point 2, and the center
of mass of the reflector as point 3 or 4. The relationship between
points 1 and 2 can be obtained from the beam dynamics (22):

1*1U J 2
(23)

Transforming the force system from points 2 to 3, as shown in Eq.
(11), yields

JC

^ J 2
(24)

The rigid-body dynamics (6) gives the relationship between points
3 and 4:

-\ ' °[s*M + G I
(25)

From Eqs. (23-25), one can obtain the relationship between points
land 4:

Because point 1 is clamped, {x}\ — 0, one can obtain

(26)

(27)

[G]3)[r1]2[F2]i + [T2]2[F4]l){q}i (28)

Recall that the displacement vector {*}4 and the generalized force
[q}4 are applied at the center of mass of the reflector. Let x = [x}4
and q = {q}4. After eliminating (q}\ from Eqs. (27) and (28), one
can derive

Mrs2x + A(s)x = q (29)

where Mr = [M]3, A(s) = [G]3 + [r2]2[F4]i([r1]2[F2]1)-1. Be-
cause three reaction wheels and one collocated three-axis rate gyro-
scope are used to provide the control input u and the measurement
i>, respectively, the system becomes

Mrs2x + A(s)x = Bu

v = BTsx

(30)

(31)

where

v = {6x

It is noted that Mr is constant and the matrix A (5) contains sinusoidal
functions and hyperbolic functions of s. One may design a controller
based on this distributed-parameter model.4 However, in this paper,
we will start to design an optimal controller by using a reduced finite-
dimensional model. The distributed-parameter model is derived for
the purpose of parameter estimation.

Now let us take the first two terms of Taylor's series expansion
of A (s) to obtain a reduced-order model:

MX + Kx = Bu (32)

(33)

where M = Mr + (1/2)A"(0), K = A(0). This model can also be
derived from the finite element method.

Modal-Space Model
In this section, the finite-dimensional model is transformed into

a modal space so that all the modes are internally decoupled. The
modal frequency cok and the mode shape ek for the kih mode can
be obtained by solving an eigenvalue problem where the mode
shapes are orthonormalized with mass matrix M. Thus, one can
have

= Kek = 8jk (34)

where 8 is the Kronecker delta. We can choose any Af modes, not
necessarily the first Af modes, for further approximation. Substitute
x = Y^ ekyk into Eq. (32) to get

2^ Mekyk H- ̂ ^^ = Bw (35)
i

Multiplying e^ on both sides, one obtains

W

^e]Mekyk + e]Kekyk = e]Bu 7 = 1, 2, . . . , JV (36)
i

Applying Eq. (34) to Eq. (36) yields

?jyj=eT
jBu ./ = 1 ,2 , . . . , # (37)

y + ANy = BNu (38)

or in matrix form

where

e\B'



Similarly, the output equation (33) becomes
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We can easily prove that

(39)

Equations (38) and (39) are the modal-space model derived for the
control design presented in the next section.

LQG Controller Design
In this section, we propose an LQG controller based on the modal-

space model and derive the explicit solutions for the corresponding
Riccati equations of the optimal estimator and controller. We start
by transforming the dynamic model from the modal space to a state
space. Let

and the model becomes

where

A = di'<
o a>N

0
_eT

NB/a)N _

C = [0 0 BTeNcoN]

Here we assume that the transformed state-space model is subjected
to additive process noise 8 and measurement noise rj. Both are as-
sumed to be Gaussian, zero mean, and white with constant covari-
ance matrices N& and N^, respectively. They are also assumed to
be statistically uncorrelated with each other. Since the system dy-
namics and the measurements are corrupted by noises, this problem
becomes an LQG problem, and we start to solve it with an optimal
estimator design.

For the linear time-invariant dynamic system (41) and (42), the
optimal state estimator is11

= Al + Bu + LCTN~l(v - Cf) (43)

where f is the estimate of the state f and the matrix L has to satisfy
the Riccati equation

AL + LAT + NS- LCTN~1CL = 0 (44)

Next, we want to find the closed-form solution of this Riccati
equation by choosing N^ = d^I, N8 = SBBT ST, where S =
diag[ji si - • • SN SN]. From the process noise covariance N&, it can
be seen that the effect of the process noise to the ith mode can be
adjusted by choosing a suitable parameter st directly. It is expected
that si also affects the estimator gain for the ith mode. Let us try a
diagonal L and denote

AL + LAT = 0
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(46)

0
0

0
0 6

0
eT

lBBTels2/co2

0
>lBBTeNslSN/m

. . . o o
* • • 0 e^BBT eftS\SN /OL)I(JL)N

. . . 0 0

... 0 eT
NBBTeNs2

Nlc4

(47)

LCTN~1CL = —
"77

(40)
X

(41)

0 0
0 e\BB?e^\

0 0
0 e[BBTeNlilNQ)iCL

(42)

. . . o o

... 0 e[BBT e^l\l^a)\o)^

... o o
)N •" 0 eT

NBBTeNl2
No)2

N

((48)

Substituting Eqs. (46-48) into Eq. (44) yields

L = y^cliag[si/^ si/a>\ ••• sN/co2
N sN/a)2

N] (49)

This is the explicit solution derived for the optimal estimator (43)
and 5,- weighs the sensor information used for the state estimation
for the ith mode.

Next let us consider the optimal control design with a performance
index,

1 r /t°° ~~i
(50)

where E[-] is the expectation operator. The optimal control input is11

and the matrix K has to satisfy the Riccati equation

KA + ATK + Q- KBTR~1BK = 0 (52)

Similarly, if we choose Q = HTCTCH (H=diag[hl hi... hNhN])
and R is an identical matrix, respectively, the closed-form solution
can be found as

K = hNa)2
N (53)

This is the explicit solution derived for the optimal controller (51)
and hi weighs the contribution of the actuators to the /th mode.
From the weighting matrix Q, it can be seen that the weighting of
the /th mode performance can be adjusted by choosing a suitable
parameter hi directly.

Transforming the estimator (43) and the controller (51) back to
the modal space, we have

(UBNBT
N ANy = UBNv (54)

(55)

where

U = s2 SN]

hN]

L = diag[/i /i IN IN] (45)
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Table 1 Identified parameters of SCOLE configuration

Mast

L
A
h

p

= 125.5 in
= 0.108 in
= 6.66 x

2

10-3in4

£ = 30x
G = 13.3x

Jb = 1.33 x

= 0.0205 slug/in.3

106 psi r = {rx, ry, rz]
106 psi m

10~2 in.4

J =
r no

-28
I -Q.I

Reflector
T = {1.795,4.
= 0.864 slug

-28 -0.7
74 -1.6

-1.6 184

319, O.}7

slug-in

in.

2

Equations (54) and (55) represent the explicit optimal LQG con-
troller, and matrices U and P are the design parameters. It is noted
that both the parameter hi of P and the parameter Sj of U are directly
related to the performance of the ith mode so that it can be easily
adjusted by choosing suitable design parameters for that mode. Both
design parameters also contribute damping to the controller dynam-
ics. In addition, for N desired controlled modes, we have 2N design
parameter (N for the optimal estimator and another N for the opti-
mal controller). It provides an easier way for the controller design
to achieve a specific performance requirement.

This optimal LQG controller can also be represented by a transfer
function. After taking Laplace transformation of Eqs. (54) and (55)
and eliminating the state of the estimator y, we have

Table 2 Identified modal frequencies

(56)

with

= -sBT
NP(s2 + (UBNBT

N + BNBT
NP)s

This explicit LQG optimal controller is obtained based on a finite-
dimensional model in the modal space. It is interesting to see that if
we choose P and U to be a scalar times an identity matrix and let N
go to infinity, this controller is the same as the explicit LQG optimal
controller derived based on the distributed-parameter model.12 Fi-
nally, we can also check any closed-loop pole for the uncontrolled
modes by determining the roots of the characteristic equation based
on the distributed-parameter model (29),

det[,s2Mr + A(s) - = 0 (57)

Analytical and Experimental Results
The experimental setup basically consists of a digital controller

that is sandwiched between analog-to-digital and digital-to-analog
converters. Since the bandwidth of both actuators and sensors is
more than 10 times higher than the highest controlled modal fre-
quency, we ignore the dynamics of actuators and sensors. The iden-
tified parameters of the SCOLE configuration are listed in Table 1.
From the experiment, it is found that the sixth modal excitation
damps out within 2 s with more than 10 Hz frequency. Therefore
we choose the first five modes to design the controller. The first five
modal frequencies identified from the analytical model also match
those from the testing data (see Table 2). Since the highest controlled
modal frequency is about 4.4 Hz, a sampling rate of 50 Hz for the
digital controller is sufficiently fast. From the free decay response
of the experiment, it can be found that the corresponding dampings
are 0.19, 0.19, 0.17, 0.30, and 1.07%, respectively. The first two
modes are found to be the hardest two to control.

Before the experiment, numerical simulations are performed in
order to choose suitable design parameters. Tables 3 and 4 show
the different design parameters used and the corresponding damp-
ing ratios, respectively. Cases 1-6 are the results from numerical
simulations and the last one (test) is from testing. Let P = 2.51.
It can be seen that the closed-loop damping ratios are increased as
U is increased until U = P (see cases 1 and 2). Since the damp-
ing ratios are not improved for U > P (case 3), we decide to use
U = P in the experiment. However, the damping ratios of the first
two modes are still low, so we increase the weighting of the first
two modes by using the values shown in case 4 (see Table 3). Then
the damping ratios of the first two modes are significantly increased

Mode

1
2
3
4
5

Case

1
2
3
4
5
6a

Test

Mode shape

First bending in X'Z
First bending in Y'Z

First torsion
Second bending in X'Z
Second bending in Y'Z

Table 3 Design

Matrix P
2.57
2.57
2.57

diag [10, 10, 2.5, 2.5, 2.5]
diag[13, 13,2.5,2.6, 1.9]
diag[13, 13,2.5,2.6, 1.9]
diag[13, 13,2.5,2.6, 1.9]

Measured, Hz Identified, Hz

0.4512
0.4567
1.5223
3.1333
4.3926

parameters

0.4514
0.4524
1.5250
3.2264
4.4019

Matrix U

diag[10,
diag[13,
diag[13,
diag[13,

7
2.57
57

10, 2.5,
13, 2.5,
13,2.5,
13, 2.5,

2.5, 2.5]
2.6, 1.9]
2.6, 1.9]
2.6, 1.9]

aAssume that each modal frequency has 2% error.

Table 4 Comparison of damping ratios, %

Mode Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Test

1
2
3
4
5

0.38
0.38
4.06
1.93
2.67

0.96
0.95

10.14
4.82
6.66

0.96
0.95

10.14
4.82
6.66

3.85
3.84

10.14
4.82
6.66

5.01
4.95

10.14
5.01
5.06

2.89
2.84
7.05
2.78
2.83

2.27
2.20
2.45
2.13
2.15

0.2

0.1

0

-0.1

10 15 20 25
time (seconds)

40

0 5 10 15 20 25 30 35 40

Fig. 2 Experimental result of mode 1 excitation.

(see Table 4). After considering the torque limitation for the actua-
tor (6.3 in.-lb) and the satisfactory damping ratios, we decide to use
P = U = diag[13, 13, 2.5, 2.6, 1.9] for the remaining cases.

In the experiment, each mode is individually excited for 40 s and
then the explicit LQG controller is activated. This procedure is re-
peated for all the five modes with the same controller. Figures 2-6
show the time responses [with control (solid line) and without con-
trol (dotted line)] and the corresponding control input for modes
1-5, respectively. In each figure, only the results of the dominant
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0.2

0.1

0

-0.1

15 20 25
time(seconds)

35

5 10 15 20 25 30 35 40

Fig. 3 Experimental result of mode 2 excitation.

4 6
time(seconds)

0 2 4 6 8 10

Fig. 4 Experimental result of mode 3 excitation.

' 0 1 2 3 4 5 6 7
time (seconds)

0 1 2 3 4 5 6 7 8 9 1 0

Fig. 5 Experimental result of mode 4 excitation.

axis are plotted. The results demonstrate that the controller provides
sufficient damping, which means approximately 80% of amplitude
decay in 10s, for all the controlled modes. However, the damping
radios (see Table 4, last column) are less than those predicted in case
5. This may be caused by the modeling error in the controller design.
Let us assume that the modal frequencies used in the controller de-
sign are 2% higher than those of the actual system. The result shows
that the damping ratios from the simulation (case 6) are very close
to those of the experiment except the third mode. The reason may
be attributed to the control input, which saturates at the torque lim-
itation for most of the time (see Fig. 4, z reaction wheel). Although
the performance of the system through the optimal controller de-
sign is very sensitive to the modeling error, the dampings still can
be significantly improved. In summary, both analytical and experi-
mental results show that the proposed explicit LQG controller not
only enhances the structural damping effectively but also provides
an easy way to choose the design parameters correspondingly.

-10
' 0 1 2 3 4 5 6 7 8 9 1 0

Fig. 6 Experimental result of mode 5 excitation.

Concluding Remarks
In the optimal LQG control design, one usually faces the problem

of choosing suitable weighting matrices and noise covariances. It is
also quite time consuming to solve the corresponding Riccati equa-
tions, particularly for large-scale systems. To overcome these prob-
lems, this paper presents an explicit optimal LQG controller (i.e.,
closed-form solutions to Riccati equations) for a finite-dimensional
model in modal space. The number of design parameters (i.e., ele-
ments of weighting matrices and noise covariances) is also reduced
and can be easily selected to achieve the desired damping for each
mode. On the other hand, a simple and systematic procedure for
obtaining distributed-parameter models through the transfer matrix
method is also presented. The transfer matrix method and the ex-
plicit optimal LQG controller design are applied to NASA's SCOLE
configuration. Both analytical and experimental results demonstrate
that this proposed controller is easy to design and implement. It can
also suppress vibrations effectively for large flexible structures.
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